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Geodesic Deviation Equation in ΛCDM f(T, T ) gravity
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The geodesic deviation equation has been investigated in the framework of f(T, T ) gravity, where
T denotes the torsion and T is the trace of the energy-momentum tensor, respectively. The FRW
metric is assumed and the geodesic deviation equation has been established following the General
Relativity approach in the first hand and secondly, by a direct method using the modified Friedmann
equations. Via fundamental observers and null vector fields with FRW background, we have gener-
alized the Raychaudhuri equation and the Mattig relation in f(T, T ) gravity. Furthermore, we have
numerically solved the geodesic deviation equation for null vector fields by considering a particular
form of f(T, T ) which induces interesting results susceptible to be tested with observational data.
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I. INTRODUCTION
General Relativity (GR), still known as the general theory of relativity is a geometrical theory of
gravitation published by Albert Einstein in 1915 and also a current description of gravitation in modern
physics. Relativity General generalizes special relativity and Newton’s laws of gravitation and thus
provides an unified description of gravity as a rise property of the geometry of space and time, or at least
space-time. In particular, the curvature of space-time is directly related to the energy and momentum
generated by presence of matter and radiation in space-time. This interaction between the geometry
and the energy-momentum is specified by Einstein’s equations, a system of partial differential equations.
One of the most features studied in this successful theory of Einstein (GR) is the Geodesic Deviation
Equation (GDE) [1]. Indeed, the relative motion of test particles is one of the important way to get
informations on the gravitational field and on the space-time geometry. This motion is described by
the Geodesic Deviation Equation . It can be claimed that the GDE is also one of the most important
equations in relativity for the fact that it gives a way to step the curvature of space-time. This feature in
relativity has been discussed by Szekeres [2]. The curvature of space-time described by Riemann tensor
manifests through the GDE [3]-[5] and the relative acceleration of test particules also known under the
denomination tidal acceleration. The meaning of GDE in relation with the relative acceleration and
tidal forces between two neighboring particles in free fall under the influence of gravity was so stressed
for several times by half of the fifties. The importance of GDE for spinless particles was emerged by
the authors [6],[7]. They have notified this importance when they study the gravitational waves and
their detection. The GDE provides a graceful tool to explore time-like, space-like and null structures of
space-time geometry and we can get, by solving it, the following important relations: the Raychaudhuri
equation [8], the Mattig relation [9] and the Pirani equation [10].
Actually, the current accelerating Universe was strongly confirmed by several independent experiments
such as Radiation of Cosmic Microwave Background (CMBR) [11] and the Sloan Digital Sky Survey
(SDSS) [12]. This state of Universe is attempted to be explained in the litterature by two approaches.
The first approach involves the correction of General Relativity and the second assumes that the
Universe is dominated by an antigravity component called dark energy. All these approaches are
based on the fundamental theories of gravity namely General Relativity and Tele-parallel Theory
equivalent of GR (TEGR)[13] and on the modified gravity theories. Severals modified theories have
been constructed by modification of GR:( f(R), f(R, T ) [14]-[20], f(G) [21]-[25]) where R is the scalar
3curvature, T is the trace of energy-momentum tensor and G the Gauss-Bonnet invariant defined by
G = R2 − 4RµνR
µν + RµνλσR
µνλσ. Furthermore, an another approach which in spirit, is similar to the
first modification of GR is the so called f(T ) theory which is the modified version of TEGR with T the
scalar torsion.
Indeed, instead of the connection of Levi-Civi as it is done in GR, f(T ) gravity uses the Weitzenbok
connection. This theory was introduced for the first time by Ferraro[70] in their work on UV modification
of GR and inflation. Very soon after and in the context of modern cosmology, Ferraro and Bengochea
[71] considered the same theory to describe dark energy. Other studies can be cited as examples: [26]-
[65]. Here, a special attention was tuned to the theory f(T, T ) as an extension of the f(T ) gravity with
T the trace of energy-momentum tensor. Severals works with interessing results have been developped
in this framework [66]- [69].
The GDE has already been studied in f(R) theory [72],[73], f(T ) theory and also f(R, T ) gravity [75]
where R, T and T are still the objects defined earlier. Excellent results have been found with these above
theories. Our main goal in this present work is to find a new approach to get the GDE in the f(T, T )
gravity.
This paper is organised as follow: In Sec II we introduce the gravity f(T, T ) and obtain its field
equation in cosmology FLRW . The Sec III reminds the GDE in the context of General Relativity and
we have extended this study to f(T, T ) theory at Sec IV. A conclusion comes naturally to sanction the
end of our work in Sec V.
II. GENERALITY ON f(T, T ) GRAVITY WITHIN FLRW COSMOLOGY
In Tele-parallel theory, equivalent of General Relativity, the action is constructed by the teleparallel
Lagrangian ”scalar torsion T ”. It has modified versions which are the results of the subtitution of scalar
torsion in its action by an arbitrary function of the scalar torsion. This approach is similar in spirit to
the generalization of the Ricci scalar R in the Einstein-Hilbert action to a function f(R).
This theory and its modified versions used orthonormal tetrads defined on the tangent space at each
point of the manifold which is the ordinary space-time. The line element can be written as
ds2 = gµνdx
µdxν = ηijθ
iθj , (1)
whose elements can also be expressed as
dµ = e µi θ
i; θi = ei µdx
µ. (2)
Here ηij = diag(1,−1,−1,−1) is the Minkowskian metric and {e
i
µ} represent the components of tetrads
and satisfy the following identity
e µi e
i
ν = δ
µ
ν , e
i
µ e
µ
j = δ
i
j. (3)
4We recall here Levi-Civita connection used in General Relativity
◦
Γρµν =
1
2
gρσ (∂νgσµ + ∂µgσν − ∂σgµν) . (4)
The curvature associated to this connection is not zero while the torsion vanishes. By opposition to this
fundamental property of the Levi-Civita connection, the Weizenbock connection which governs tensor
relations in Tele-Parallel theory and its modified versions is defined by
Γλµν = e
λ
i ∂µe
i
ν = −e
i
µ∂νe
λ
i . (5)
With this connection and through the following relations, we get the representations of the fundamental
geometrical objects namely the torsion and contorsion in (6) and (8) respectively, from which we determine
the tensor S µνλ in (9)
T λµν = Γ
λ
µν − Γ
λ
νµ, (6)
which begots
Kλµν ≡ Γ˜
λ
µν −
◦
Γλµν =
1
2
(Tµ
λ
ν + Tν
λ
µ − T
λ
µν) , (7)
where
◦
Γλµν is by definition the Levi-Civita connection. So
Kµνλ = −
1
2
(T µνλ − T
νµ
λ + T
νµ
λ ) . (8)
And the tensor S µνλ is also
S µνλ =
1
2
(Kµνλ + δ
µ
λT
αν
α − δ
ν
λT
αµ
α) . (9)
The total contraction of torsion tensor by this latter gives the scalar torsion as
T = T λµνS
µν
λ (10)
As it has been introduced above, our present investigation will be carried out under the modified theories
of Tele-Parallel theory where we replace the scalar torsion in Tele-Parallel action by an arbitrary scalar
torsion function, giving the action of these modified versions. Indeed, in the specific case of our present
project, the action in a Universe governed by modified Tele-Parallel theory is
S =
∫
e[
T + f(T, T )
2κ2
+ Lm]d
4x, (11)
5where κ2 = 8πG is the usual gravitational coupling constant. By varying the action (11) with respect to
the tetrads, one gets the following equations of motion [66]- [69]
[∂ξ(ee
ρ
aS
σξ
ρ )− ee
λ
aS
ρξσTρξλ](1 + fT ) + ee
ρ
a(∂ξT )S
σξ
ρ fTT +
1
4
eeσa(T )
= −
1
4
eeσa
(
f(T )
)
− eeρa(∂ξT )S
σξ
ρ fTT + fT
(eΘσa + eeσa p
2
)
+
κ2
2
eΘσa , (12)
with fT = ∂f/∂T , fT = ∂f/∂T , fTT = ∂
2f/∂T∂T , fTT = ∂
2f/∂T 2 and Θσa the energy-momentum
tensor of matter fields.
After some contraction, we can establish the following relations
eaνe
−1∂ξ(ee
ρ
aS
σξ
ρ )− S
ρξσTρξν = −∇
ξS σνξ − S
ξρσKρξν , (13)
and
Gµν −
1
2
gµν T = −∇
ρSνρµ − S
σρ
µKρσν . (14)
We transform the field equations Eq. (12) by combining equations Eq. (13) and Eq. (14). We obtain
Aµν(1 + fT ) +
1
4
gµν T = B
eff
µν , (15)
with
Aµν = gσµe
a
ν [e
−1∂ξ(ee
ρ
aS
σξ
ρ )− e
λ
aS
ρξσTρξλ], (16)
= −∇σSνσµ − S
ρλ
µKλρν = Gµν −
1
2
gµνT,
Beffµν = S
ρ
µν fTT ∂ρT − S
ρ
µν fTT ∂ρT −
1
4
gµνf + fT
(Θµν + gµν p
2
)
+
κ2
2
Θµν .
Consequently, we can rewrite the equation Eq. (15) in the following form
(1 + fT )Gµν = T
eff
µν , (17)
where
T effµν = S
ρ
µν fTT ∂ρT − S
ρ
µν fTT ∂ρT −
1
4
gµν
(
T + f
)
+
T gµν fT
2
+ fT
(Θµν + gµν p
2
)
+
κ2
2
Θµν .(18)
III. GEODESIC DEVIATION EQUATION IN GR
In this section, we revisited briefly the GDE notions in General Relativity. Indeed, in order to explain
well the geometrical meaning of Riemann tensor, it would be necessary to look into the behavior of two
neighboring geodesics. So, let’s assume two neighboring geodesics C1 and C2 with affine parameter ν on
a 2-surface S (see fig.1). The field vector V α = dx
α
dν
is the normalized tangent vector of the geodesic C1
and ηα = dx
α
ds
is the deviation vector of these two geodesics. Therefore, we characterize these geodesics
6with xα(ν, s).
Beginning with £
V
ηα = £
η
V α ([V, η]α = 0) which leads to ∇
V
∇
V
ηα = ∇
V
∇ηV
α and using
∇
X
∇
Y
Zα − ∇
Y
∇XZ
α − ∇
[X,Y ]
Zα = Rα βγδZ
βXγY δ in which Y α = ηα and Xα = Zα = V α, we
can obtain the GDE as doing in [76] by
D2ηα
Dν2
= −Rα βγδV
βηγV δ. (19)
Now, we briefly review the research results on the GDE in GR. We use the energy-momentum tensor in
a purportedly perfect fluid
Θµν = (ρ+ p)uαuβ + pgαβ, (20)
where ρ and p denote respectivily the energy density and the pressure. We recall here that the trace of
energy-momentum tensor is given by
T = ρ− 3p. (21)
Considering the Einstein field equations in GR (with cosmological constant) given by
Rµν −
1
2
Rgµν + Λgµν = κΘµν , (22)
we can determinate the Ricci scalar and Ricci tensor as follows
R = κ(ρ− 3p) + 4Λ, (23)
Rµν = κ(ρ+ p)uαuβ +
1
2
[κ(ρ− p) + 2Λ]gµν . (24)
And then, we determinate the (0-4) Riemann curvature tensor by using Eq.(23) and Eq.(24). It results
Rαβγδ =
1
2
(gαγRδβ − gαδRγβ + gβδRγα − gβγRδα)−
R
6
(gαγgδβ − gαδgγβ) + Cαβγδ. (25)
Thus, the right hand side of Eq.(19) becomes
Rα βγδV
βηγV δ =
[
1
3
(κρ+ Λ)ǫ+
1
2
κ(ρ+ p)E2
]
ηα, (26)
where ǫ = V αVα and E = −V
αuα. We emphasize here that ǫ = (−1, 0, 1), which corresponds to space-
like, null and time-like geodesics respectively . The equation Eq.(26) reminds us Pirani equation [77].
We note that by considering null the Weyl tensor, we can extract the Pirani equation for every metric,
which makes this equation, an equation giving solutions for space-like, null and timelike congruences [78].
In this work, we generalize these resultats in the framework of f(T, T ) gravity applied to the metric.
7FIG. 1: Geodesic Deviation..
IV. GEODESICS DEVIATION EQUATION IN f(T, T ) GRAVITY
In this section, we establish the GDE in the context of modified f(T, T ) gravity. Indeed, we begin our
investigation by the Ricci scalar determination from the trace of equation Eq.(15), which leads to
R =
−1
(1 + fT )
[
Sµµρ fTT ∂
ρT − Sµµρ fTT ∂
ρT +
(
T − f(T, T )
)
+ fT
(Θ+ 4 p
2
)
+
κ2
2
Θ
]
. (27)
In order to put out the Ricci tensor in the framework of the f(T, T ) gravity, one follows the same way as
it has been done in GR by introducing Eq.(27) in Eq.(15). Thus the modified Ricci tensor is presented
as follow
Rµν =
1
(1 + fT )
{
− gµν
[
Sµµρ fTT ∂
ρT − Sµµρ fTT ∂
ρT +
(
T − f(T, T )
)
+ fT
(Θ+ 4 p
2
)
+
κ2
2
Θ−
1
4
(T − f(T, T ))−
fT p
2
]
+Sρ µν fTT ∂ρT − S
ρ
µν fTT ∂ρT +
(κ2 + fT )
2
Θµν
}
. (28)
If we suppose vanish the Weyl tensor Cαβγδ, Eq.(25) becomes
Rαβγδ =
1
2(1 + fT )
[ (κ2 + fT )
2
(gαγΘδβ − gαδΘγβ + gβδΘγα − gβγΘδα)
−gµν
[
Sµµρ fTT ∂
ρT − Sµµρ fTT ∂
ρT +
(
T − f(T, T )
)
+ fT
(Θ+ 4 p
2
)
+
κ2
2
Θ−
1
4
(T − f(T, T ))−
fT p
2
]
×(gαγgδβ − gαδgγβ) + (gαγDδβ − gαδDγβ + gβδDγα − gβγDδα)fT
+(gαγDδβ − gαδDγβ + gβδDγα − gβγDδα)fT
]
−
1
6(1 + fT )
{
− gµν
[
Sµµρ fTT ∂
ρT − Sµµρ fTT ∂
ρT +
(
T − f(T, T )
)
+ fT
(Θ+ 4 p
2
)
+
κ2
2
Θ−
1
4
(T − f(T, T ))−
fT p
2
]
+ Sρ µν fTT ∂ρT − S
ρ
µν fTT ∂ρT
+
(κ2 + fT )
2
Θµν
}
(gαγgδβ − gαδgγβ), (29)
where
Dµν = −Sνµρ∇
ρT∂
T
, (30)
8and
Dµν = −Sνµρ∇
ρ T ∂
T
. (31)
Now, we rise the first index α of Riemann tensor in Eq.(25) by a contraction with V βηγV δ, leading to
the following (1, 3)-tensor
Rα βγδV
βηγV δ =
1
2(1 + fT )
[ (κ2 + fT )
2
(δαγΘδβ − δ
α
δ Θγβ + gβδΘ
α
γ − gβγΘ
α
δ ) (32)
−
[
Sµµρ fTT ∂
ρT − Sµµρ fTT ∂
ρT +
(
T − f(T, T )
)
+ fT
(Θ+ 4 p
2
)
+
κ2
2
Θ−
1
4
(T − f(T, T ))−
fT p
2
]
×(δαγ gδβ − δ
α
δ gγβ) + (δ
α
γDδβ − δ
α
δDγβ + gβδD
α
γ − gβγD
α
δ )fT
+(δαγDδβ − δ
α
δ Dγβ + gβδD
α
γ − gβγD
α
δ )fT
]
V βηγV δ
−
1
6(1 + fT )
{
− gµν
[
Sµµρ fTT ∂
ρT − Sµµρ fTT ∂
ρT +
(
T − f(T, T )
)
+ fT
(Θ+ 4 p
2
)
+
κ2
2
Θ−
1
4
(T − f(T, T ))−
fT p
2
]
+ Sρ µν fTT ∂ρT − S
ρ
µν fTT ∂ρT +
(κ2 + fT )
2
Θµν
}
(gαγgδβ − gαδgγβ)V
βηγV δ.
We remark here that Eq.(29) and Eq.(32) are available only if the Weyl tensor is reduced to zero.
Otherwise, from Eqs(20) and (29), one points out the following relation
Rα βγδ =
1
2(1 + fT )
{
(κ2 + fT )
2
(ρ+ p)(gαγuδuβ − gαδuγuβ + gβδuγuα − gβγuδuα)− (gαγgδβ − gαδgγβ)
×
1
3
[
Sµµρ fTT ∂
ρT − Sµµρ fTT ∂
ρT +
(
T − f(T, T )
)
+ fT
(Θ+ 4 p
2
)
+
κ2
2
Θ−
1
4
(T − f(T, T ))
−
fT p
2
]
+(gαγDδβ − gαδDγβ + gβδDγα − gβγDδα)fT + (gαγDδβ − gαδDγβ + gβδDγα − gβγDδα)fT
}
. (33)
Under the condition of vector field normalization, we have V αVα = ǫ and
RαβγδV
βV δ =
1
2(1 + fT )
{
(κ2 + fT )
2
(ρ+ p)(gαγ(uβV
β)2 − 2(uβV
β)V(αuγ) + ǫuαuγ)
−
1
3
[
Sµµρ fTT ∂
ρT − Sµµρ fTT ∂
ρT +
(
T − f(T, T )
)
+ fT
(Θ+ 4 p
2
)
+
κ2
2
Θ−
1
4
(T − f(T, T ))−
fT p
2
]
×(ǫgαγ − VαVγ) + [(gαγDδβ − gαδDγβ + gβδDγα − gβγDδα)fT ]V
βV δ
+[(gαγDδβ − gαδDγβ + gβδDγα − gβγDδα)fT ]V
βV δ
}
. (34)
We rise the first index with ηγ and obtain
Rα βγδV
βηγV δ =
1
2(1 + fT )
{ (κ2 + fT )
2
(ρ+ p)((uβV
β)2ηα − (uβV
β)V α(uγη
γ)
9−(uβV
β)uα(Vγη
γ) + ǫuαuγη
γ)
−
1
3
[
Sµµρ fTT ∂
ρT − Sµµρ fTT ∂
ρT +
(
T − f(T, T )
)
+ fT
(Θ+ 4 p
2
)
+
κ2
2
Θ−
1
4
(T − f(T, T ))−
fT p
2
]
×(ǫηα − Vα(Vγη
γ)) + [(δαγDδβ − δ
α
δDγβ + gβδD
α
γ − gβγD
α
δ )fT ]V
βV δηγ
+[(δαγDδβ − δ
α
δ Dγβ + gβδD
α
γ − gβγD
α
δ )fT ]V
βV δηγ
}
. (35)
By using E = −Vαu
α and ηαu
α = ηαV
α = 0, Eq. (35) becomes
Rα βγδV
βηγV δ =
1
2(1 + fT )
[ (κ2 + fT )
2
(ρ+ p)E2 −
ǫ
3
(
Sµµρ fTT ∂
ρT − Sµµρ fTT ∂
ρT +
(
T − f(T, T )
)
+fT
(Θ+ 4 p
2
)
+
κ2
2
Θ−
1
4
(T − f(T, T ))−
fT p
2
)]
ηα
+
1
2(1 + fT )
[
(δαγDδβ − δ
α
δDγβ + gβδD
α
γ − gβγD
α
δ )fT ]V
βV δ
]
ηγ
+
1
2(1 + fT )
[
(δαγDδβ − δ
α
δ Dγβ + gβδD
α
γ − gβγD
α
δ )fT ]V
βV δ
]
ηγ . (36)
In the following section and by make using the FLRW metric whose Weyl tensor is zero; we will use these
previous results to obtain the GDE in the framework of f(T, T ) gravity, which is of course the equivalent
of GDE in GR.
A. GR equivalent method with FLRW background
Here we are interested in studying flat FLRW cosmologies whose metric can be described by,
ds2 = −dt2 + a2(t)
[
dr2
1− kr2
+ r2dθ2 + r2sin2θdφ2
]
. (37)
The Weyl tensor associated to this latter is zero because of the flatness conformal of Universe described
by FLRW metric. The non-zero components of tetrads according to the above metric are given by
{eaµ} = diag[1, a, a, a]. (38)
The determinant of the matrix (38) is e = a3 and the non-zero components of the torsion tensor and
contorsion tensor are also given by
T 1 01 = T
2
02 = T
3
03 =
a˙
a
, (39)
K011 = K
02
2 = K
03
3 =
a˙
a
. (40)
The non-zero components of the tensor S µνα are
S 110 = S
22
0 = S
33
0 =
a˙
a
. (41)
Therefore, one evaluates the torsion scalar and obtains
T = −6H2, (42)
10
where H = a˙/a denotes the Hubble parameter. The normalization of the vector field leads to VαV
α = ǫ
and we have also E = −Vαu
α, ηαu
α = ηαV
α = 0, η0u
0 = 0. Considering (40) and (41) we find
S110 = S
2
20 = S
3
30 = −2H(t). Thus, we can reduce the expression of R
α
βγδV
βηγV δ as follows
Rα βγδV
βηγV δ =
G
(1 + fT )
(
1 +
fT
16πG
){
4πE2(ρ+ ρ1 + p+ p1)
+
8π ǫ
3
(ρ+ ρ1)
}
ηα (43)
with
Geff =
G
(1 + fT )
(
1 +
fT
16πG
)
, (44)
ρ1 =
1
16πGeff (1 + fT )
(
fT p−
1
2
f −
T
2
)
, (45)
p1 = ρ+ p− ρ1 −
1
4πGeff (1 + fT )
[
12H2H˙fTT − fTTH (ρ˙− 3p˙)
]
. (46)
The relation so posed in (43) is the generalized Pirani equation. Now, we can write the GDE in f(T, T )
gravity model as following
D2ηα
Dν2
= −
G
(1 + fT )
(
1 +
fT
16πG
){
4πE2(ρ+ ρ1 + p+ p1) +
8π ǫ
3
(ρ+ ρ1)
}
ηα. (47)
For reasons of homogeneity and isotropy of the metric FLRW, there has been a change in the intensity of
the deviation vector ηα where as in the anisotropic Universe like Bianchi Universe I, the GDE has also
induced a change in the direction of the deviation vector as described in [79].
B. Direct method with FLRW background
In this section, we can write the GDE in f(T, T ) gravity model by evaluating the LHS of Eq.(43) for
α = r as follows
Rr βγδV
βηγV δ = Rr tγtV
tηγV t +Rr rγrV
rηγV r +Rr θγθV
θηγV θ +Rr φγφV
φηγV φ. (48)
Assuming that the Riemann tensor components are not different to zero for FLRW metric in Eq.(37), we
can take γ = r. Indeed, Eq.(48) becames:
Rr βγδV
βηγV δ = Rr trtV
tV tηr+Rr rrr g
rrVrV
rηr+Rr θrθ g
θθVθV
θηr+Rr φrφ g
φφVφV
φηr = (−H˙E2+ǫH2)ηr ,
(49)
where we have used the following expressions V tV t = E2, Viη
i = 0, Rr rrr = 0, R
r
θrθ = r
2a˙2,
Rr φrφ = a˙
2r2sin2θ and Rr ttr =
a¨
a
. Remark that similar equations are also obtained for α = θ and
α = φ. Considering (12) and (37), we obtain the Friedmann standard equations
3H2 = 8πGeff (ρ+ ρ1) , (50)
11
and
H˙ = −4πGeff (ρ+ p+ ρ1 + p1) . (51)
By putting the equations (50) and (51) in equation (49), we can generalize the Pirani equations by a
direct approach as
Rα βγδV
βηγV δ =
G
(1 + fT )
(
1 +
fT
16πG
){
4πE2(ρ+ ρ1 + p+ p1)
+
8π ǫ
3
(ρ+ ρ1)
}
ηα, (52)
which leads to the same Geodesic Deviation Equation as in (47). This means that we have found the
same results by two different approaches . This result proves the validity of the GDE obtained in the
context of f(T, T ) gravity.
C. Fundamental observers with FLRW background
Here, we are basing our analysis on the fundamental observers. In this particular case, we interprete
V α and ν (affine parameter) as the four-viscosity of fluid uα and t ( proper time). Since we are performing
with temporal geodesics, we have ǫ = 1. By constraining the vector field normalization as E = 1, one
gets
Rα βγδu
βηγuδ =
4πG
(1 + fT )
(
1 +
fT
16πG
){
ρ+ ρ1
3
+ (p+ p1)
}
ηα. (53)
We know that if ηα = ℓeα, where eα is parallel propagated along t, then the isotropy results in
Deα
Dt
= 0, (54)
which induces
D2ηα
Dt2
=
d2ℓ
dt2
eα. (55)
By using (19) and (53) we can write
d2ℓ
dt2
=
−4πG
(1 + fT )
(
1 +
fT
16πG
){
ρ+ ρ1
3
+ (p+ p1)
}
ℓ. (56)
For the particular case ℓ = a(t), equation (56) becames
a¨
a
=
−4πG
(1 + fT )
(
1 +
fT
16πG
){
ρ+ ρ1
3
+ (p+ p1)
}
. (57)
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This equation is a particular case of the generalized Raychaudhuri equation given in [3] . Furthermore,
from the standard forms of the modified Friedmann equations in f(T, T ) gravity model for flat Universe
[80] , the generalized Raychaudhuri equation above can be obtained. These equations are expressed as
follows
H2 =
8πG
3
ρ−
1
6
(
f + 12H2fT
)
+ fT
(
ρ+ p
3
)
,
H˙ = −
4πG (1 + fT /8πG) (ρ+ p)
1 + fT − 12H2fTT +H (dρ/dH) (1− 3c2s) fTT
. (58)
Consistency between the modified Friedmann equations in f(T, T ) gravity applied to flat Universe [80]
and the generalized Raychaudhuri equation for flat Universe (57) confirms that the approach followed
here, is one of the valid approaches.
D. Null vector fields with FLRW background
In this section, we suppose that vector fields are directed the null past, namely V α = kα, kαk
α = 0,
for which the Eq.(43) leads to
Rα βγδk
βηγkδ =
4πG
(1 + fT )
(
1 +
fT
16πG
){
(ρ+ ρ1 + p+ p1)
}
E2ηα. (59)
Actually, this is Ricci focusing in f(T, T ) gravity as it’s explained in the following. By make using
ηα = ηeα, eαe
α = 1, ǫαu
α = eαk
α = 0 and also writing an aligned base parallel propagated
Deα
Dν
= kβ∇βe
α = 0, we get a new form of the null GDE (47) as follows
d2η
dν2
=
−4πG
(1 + fT )
(
1 +
fT
16πG
){
(ρ+ ρ1 + p+ p1)
}
E2ηα. (60)
At this stage, the usual GR result discussed in [77] can be recovered if we have κ(ρ+ p) > 0. Hence, in
a specific case with the equation of state p = −ρ (cosmological constant) the null geodesics notion is not
affected. The relation (60) shows clearly that the focusing condition for f(T, T ) gravity model provided
that
4πG
(1 + fT )
(
1 +
fT
16πG
){
(ρ+ ρ1 + p+ p1)
}
> 0
4fTT H˙T + (fT + 16Gπ)(p+ ρ) + 2HfTT (−3p˙+ ρ˙)
2(1 + fT )
> 0 (61)
Now, we can write the relation (60) in terms of redshift parameter z. Then we have
d
dν
=
dz
dν
d
dz
, (62)
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which leads to
d2
dν2
=
(
dν
dz
)−2 [
−
(
dν
dz
)−1
d2ν
dz2
d
dz
+
d2
dz2
]
. (63)
Let’s assume the null geodesics governed by
(1 + z) =
a0
a
=
E
E0
→
dz
1 + z
= −
da
a
. (64)
Taking a0 = 1 (the scale factor’s current value), we obtain the following result for the past-directed case
dz = (1 + z)
1
a
da
dν
dν = (1 + z)
a˙
a
Edν = E0H(1 + z)
2dν. (65)
Thus, we get
dν
dz
=
1
E0H(1 + z)2
, (66)
and so
d2ν
dz2
= −
1
E0H(1 + z)3
[
1
H
(1 + z)
dH
dz
+ 2
]
, (67)
where
dH
dz
=
dν
dz
dt
dν
dH
dt
= −
1
H(1 + z)
dH
dt
. (68)
We recall here an important relation used in these previous equations: dt
dν
= E = E0(1+z). From Hubble
parameter’s definition, we derive the following relation
H˙ =
a¨
a
−H2. (69)
Considering (57), H˙ becomes
H˙ =
−4πG
(1 + fT )
(
1 +
fT
16πG
){
ρ+ ρ1
3
+ (p+ p1)
}
−H2, (70)
where
−
H˙
H2
+ 2 =
4πG
H2(1 + fT )
(
1 +
fT
16πG
){
ρ+ ρ1
3
+ (p+ p1)
}
+ 3, (71)
thus,
d2ν
dz2
= −
3
E0H(1 + z)3
[
4πG
3H2(1 + fT )
(
1 +
fT
16πG
)(
ρ+ ρ1
3
+ (p+ p1)
)
+ 1
]
. (72)
Combining this latter with (63), one obtains
d2η
dν2
= E0H(1 + z)
2
{
d2η
dz2
+
3
(1 + z)
[
4πG
3H2(1 + fT )
(
1 +
fT
16πG
)(
ρ+ ρ1
3
+ (p+ p1)
)
+ 1
]
dη
dz
}
. (73)
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Finally, by make using (60), the null GDE takes the following form
d2η
dz2
+
3
(1 + z)
[
4πG
3H2(1 + fT )
(
1 +
fT
16πG
)(
ρ+ ρ1
3
+ (p+ p1)
)
+ 1
]
dη
dz
−
4πG
H2(1 + z)2(1 + fT )
(
1 +
fT
16πG
)(
ρ+ ρ1 + p+ p1
)
η = 0. (74)
The contributions of matter and radiation to barotropic parameters ρ and p are written respectively as
κρ = 3H20Ωm0(1 + z)
3 + 3H20Ωr0(1 + z)
4, κp = H20Ωr0(1 + z)
4, (75)
where the following considerations pm = 0 and pr =
1
3ρr have been done. By considering the equations
in (75), the null GDE equation (74) becomes
d2η
dz2
+ P (H, H˙, z)
dη
dz
+Q(H, H˙, z)η = 0, (76)
where
P (H, H˙, z) =
Gπ(1 + fT16piG )
3(1 + fT )H20 (1 + z)
(
ΩDE + (1 + z)3
(
Ωm0 +Ωr0 + zΩr0
))
{
(3H20 (1 + z)
4Ωr0)
πG
+
(6H20 (1 + z)
3(Ωm0 +Ωr0 + zΩr0))
πG
−
(8(−(f/2) + (fTH
2
0 (1 + z)
4Ωr0)/(8πG) + 3H
2
0 (ΩDE + (1 + z)
3(Ωm0 +Ωr0 + zΩr0))))
(fT + 16Gπ)
−
(48H(1 + z)((−3 dp
dz
+ dρ
dz
)fTTH − 12
dH
dz
fTTH
2
0 (ΩDE + (1 + z)
3(Ωm0 +Ωr0 + zΩr0))))
(fT + 16Gπ)
}
, (77)
Q(H, H˙, z) = −
Gπ(1 + fT16piG )
(1 + fT )H20 (1 + z)
2
(
ΩDE + (1 + z)3
(
Ωm0 +Ωr0 + zΩr0
))
{
(H20 (1 + z)
4Ωr0)
πG
+
3H20 (1 + z)
3(Ωm0 +Ωr0 + zΩr0)
πG
−
16H(1 + z)((−3 dp
dz
+ dρ
dz
)fTTH − 12
dH
dz
fTTH
2
0 (ΩDE + (1 + z)
3(Ωm0 +Ωr0 + zΩr0)))
(fT + 16Gπ)
}
, (78)
in which we have used the following new form of (58)
H2 = H20 [Ωm0(1 + z)
3 +Ωr0(1 + z)
4 +ΩDE ], (79)
where ΩDE has been defined as
ΩDE = −
1
6H20
[(
f + 12H2fT
)
6
+
fT (ρ+ p)
3
]
. (80)
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To solve Eq.(76), we have used Eq.(42). Now, we will check the consistency of the found results with
those of the GR by choosing the special case f(T, T ) = −2Λ. From this model, one obtains fT = 0,
fT = 0 et fTT = 0. So, ΩDE in Eq.(80) can be reduced to
ΩDE = −
1
H20
[(
−2Λ + 12H2 × 0
)
6
+
0× (ρ+ p)
3
]
=
Λ
3H20
≡ ΩΛ. (81)
This relation allows us to rewrite the first Friedmann equation in GR in the following form
H2 = H20 [Ωm0(1 + z)
3 +Ωr0(1 + z)
4 +ΩΛ]. (82)
Thus, P and Q become dependant on only the redshift parameter as
P (z) =
7
2Ωm0(1 + z)
3 + 4Ωr0(1 + z)
4 + 2ΩΛ
(1 + z)[Ωm0(1 + z)3 +Ωr0(1 + z)4 +ΩΛ]
, (83)
Q(z) =
3Ωm0(1 + z) + 4Ωr0(1 + z)
2
2[Ωm0(1 + z)3 +Ωr0(1 + z)4 +ΩΛ]
. (84)
Ultimately, the GDE for null vector fields becomes
d2η
dz2
+
7
2Ωm0(1 + z)
3 + 4Ωr0(1 + z)
4 + 2ΩΛ
(1 + z)[Ωm0(1 + z)3 +Ωr0(1 + z)4 +ΩΛ]
dη
dz
+
3Ωm0(1 + z) + 4Ωr0(1 + z)
2
2(Ωm0(1 + z)3 +Ωr0(1 + z)4 +ΩΛ)
η = 0. (85)
We emphasize here that in order to obtain the Mattig relation in GR [81], we have to fix ΩΛ = 0,
Ωr0 +Ωm0 = 1 which leads to
d2η
dz2
+
7
2Ωm0(1 + z)
3 + 4Ωr0(1 + z)
4
(1 + z)[Ωm0(1 + z)3 +Ωr0(1 + z)4]
dη
dz
+
3Ωm0(1 + z) + 4Ωr0(1 + z)
2
2(Ωm0(1 + z)3 +Ωr0(1 + z)4)
η = 0. (86)
Then we can use (76) to generalize Mattig relation in f(T, T ) gravity. These previous results can be used
to generate the observer area distance r0(z) [81]
r0(z) =
√∣∣∣∣dA0(z)dΩ
∣∣∣∣ = ∣∣∣∣ η(z′)|zdη(z′)/dℓ|z′=0
∣∣∣∣ , (87)
where A0 is the area of the object and also Ω is the solid angle. Having d/dℓ = E
−1
0 (1 + z)
−1d/dν =
H(1 + z)d/dz and reducing to zero the deviation at z = 0, we consequently obtain
r0(z) =
∣∣∣∣ η(z)H(0)dη(z′)/dz′|z′=0
∣∣∣∣ . (88)
H(0) is the result of the modifified Friedmann equation evaluation at z = 0.
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E. Numerically solution of GDE for null vector fields in f(T, T ) gravity
In order to solve numerically the null vector GDE in f(T, T ) gravity, we have considered the model of
f(T, T ) = T + f(T ) gravity, where f(T ) = γT σ; γ and σ = 1+3w2(1+w) being constant. A thorough study
of this cosmological model shows very quickly interesting results that can be found in [82]. Considering
this model, the equations (77), (78, (80) can be rewritten under the following forms
ΩDE =
−γ T −1+σ
(
4πGT +H20 (1 + z)
3σ(3Ωm0 + 4(1 + z)Ωr0)
)
24H20πG)
, (89)
P (H,
dH
dz
, z) =
(γT σ(2πGT +H20 (1 + z)
3σ(3Ωm0 + 4(1 + z)Ωr0))
(24H20 (1 + z)πGT (ΩDE + (1 + z)
3(Ωm0 + Ωr0 + zΩr0)))
−
12H20T (−2Gπ(1 + z)
3(2Ωm0 + 3(1 + z)Ωr0) + πG(ΩDE + (1 + z)
3(Ωm0 +Ωr0 + zΩr0))))
(24H20 (1 + z)πGT (ΩDE + (1 + z)
3(Ωm0 +Ωr0 + zΩr0)))
, (90)
Q(H,
dH
dz
, z) =
−(((1 + z)(16GπT + γσT σ)(3Ωm0 + 4(1 + z)Ωr0))
(16πGT (ΩDE + (1 + z)3(Ωm0 +Ωr0 + zΩr0))))
, (91)
with
T =
3H20 (1 + z)
3Ωm0
(8πG)
. (92)
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FIG. 2: The graphs shows the deviation vector magnitude η(z) (left panel) and observer area distance r0(z) (right
panel) for null vector field GDE with FLRW background as functions of redshift. The graphs are plotted for
H0 = 80Km/s/Mpc, Ωm0 = 0.3, Ωr0 = Ωk0 = 0, Λ = 1.7.10
−121 and we imposed in equation (76) the initial
conditions η(z = 0) = 0 and η′(z = 0) = 1.
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In each panel of Figure 2, we observe that the curves reflecting the evolution of the intensity of deviation
vector η(z) and the distance of the area of the observer r0(z) have similar behaviors to that of the model
ΛCDM . Within the Model f(T, T ) = γT σ, we see that when γ is increasing (γ > 1) and we are going to
larger values of redshift (z > 0.8), the deviation vector intensity η (z) and observer area distance r0(z)
decouple from each model ΛCDM but still keep the same pace while for small values of redshifts namely
nowadays the model f(T, T ) can accurately replicate the model ΛCDM . We can then conclude that for
all considered cases , the results are compactible to ΛCDM . So the above studied f(T, T ) models remain
phenomenologically viable and can be tested with observational data.
V. CONCLUSION
In this paper, we have presented the Geodesic Deviation Equation (GDE) in the context of f(T, T )
gravity applied to metric. The determination by rigorous calculation of the scalar Ricci and Riemann
tensor was firstly executed by using the f(T, T ) gravity field equations. The Geodesic Deviation
Equation and the generalization of Pirani equation for the FLRW Universe in f(T, T ) gravity have
been investigated and both these equations have been reduced to the well known Mattig relation when
f(T, T ) = −2Λ. We have performed for two particular cases, the GDE for fundamental observes and
the past-directed null vector fields with FLRW Universe. Within these cases we have obtained the
Raychaudhuri equation, the generalized Mattig relation and the diametric angular distance differential
for f(T, T ) gravity theory. Furthermore, as it is usually done in GR, we have also investigated the
past-directed null geodesics condition for f(T, T ) gravity. Numerical results concerning the geodesic
deviation η(z) and the observer area distance r0(z) for f(T, T ) models were found and compared with
their equivalent supplied by the ΛCDM model.
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